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1) a) let 𝒂, 𝒃 and 𝒄 be three vectors, then there scalar product is written as 𝒂 × 𝒃 ∙ 𝒄 

    

i) 𝑎 × 𝑏 =  𝑎  𝑏 sin 𝜃 

 

Where 𝒏 is the unit vector perpendicular to both 𝒂 and 𝒃 and  𝜽 is the angle 

between 𝒂 and 𝒃 

 

 

 

 

 

 

𝒂 × 𝒃 = Area of the parallelogram 𝑂𝐴𝐷𝐵 ∙ 𝒏 

 𝒂 × 𝒃 = Area of the parallelogram 𝑂𝐴𝐷𝐵  

𝒂 × 𝒃 ∙ 𝒄 =  𝒂 × 𝒃 ∙  𝒄 cos 𝜑 

Where 𝜑 is angle between 𝒏 and 𝒄 

 𝒄 cos 𝜑 = perpendicular distance between the faces 𝑂𝐴𝐷𝐵  and 𝐶𝐴′𝐷′𝐵′  

𝒂 × 𝒃 ∙ 𝒄 = Area of the parallelogram 𝑂𝐴𝐷𝐵 

 × perpendicular distance between the faces 𝑂𝐴𝐷𝐵  and 𝐶𝐴′𝐷′𝐵′  

= volume of the parallelepiped having 𝒂, 𝒃 and 𝒄 as its co terminus  

edges∙  

ii) 𝒂 = 2𝒊 − 3𝒋 + 4𝒌, 𝒃 = 𝒊 + 2𝒋 − 𝒌, 𝒄 = 3𝒊 − 𝒋 + 2𝒌 

∴ volume of the given parallelepiped = 𝒂 × 𝒃 ∙ 𝒄 

=   2𝒊 − 3𝒋 + 4𝒌   𝒊 + 2𝒋 − 𝒌  ∙  3𝒊 − 𝒋 + 2𝒌  
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=  
𝑖 𝑗 𝑘
2 −3 4
1 2 −1

 ∙  3𝒊 − 𝒋 + 2𝒌  

=  −5𝒊 + 6𝒋 + 7𝒌 ∙  3𝒊 − 𝒋 + 2𝒌  

=  −15 − 6 + 14 = 7 units 

iii) 𝒂′ × 𝒃′ ∙ 𝒄′  

=   𝒂 − 2𝒃 + 3𝒄 ×  −2𝒂 + 3𝒃 − 4𝒄  ∙  𝒂 − 3𝒃 + 5𝒄  

=   −2𝒂 × 𝒂 + 3𝒂 × 𝒃 − 4𝒂 × 𝒄    +  𝟒𝒃 × 𝒂 − 𝟔𝒃 × 𝒃 + 𝟖𝒃 × 𝒄 

+  −6𝒄 × 𝒂 + 9𝒄 × 𝒃 − 12𝒄 × 𝒄  ∙  𝒂 − 3𝒃 + 5𝒄  

= − 𝒂 × 𝒃 + 𝒃 × 𝒄 + 2𝒄 × 𝒂 ∙  𝒂 − 3𝒃 + 5𝒄  

= − 𝒂 × 𝒃 ∙ 𝒂 + 𝒃 × 𝒄 ∙ 𝒂 + 2𝒄 × 𝒂 ∙ 𝒂 − 𝒂 × 𝒃 ∙ 3𝒃 − 𝒃 × 𝒄 ∙ 3𝒃 − 2𝒄 × 𝒂

∙ 3𝒃 + 𝒂 × 𝒃 ∙ 5𝒄 + 𝒃 × 𝒄 ∙ 5𝒄 + 2𝒄 × 𝒂 ∙ 5𝒄  

= −𝒃 × 𝒄 ∙ 𝒂 + 6𝒄 × 𝒂 ∙ 𝒃 + 5𝒂 × 𝒃 ∙ 𝒄 

= 0              ∵  𝒃 × 𝒄 ∙ 𝒂 = 𝒄 × 𝒂 ∙ 𝒃 = 𝒂 × 𝒃 ∙ 𝒄  

If 𝒂′ × 𝒃′ ∙ 𝒄′ = 0  the volume of parallelepiped having 𝒂′ , 𝒃′ , 𝒄′as its 

coterminous edges is zero∙ 

            ∴   𝒂′ , 𝒃′ , 𝒄′  are coplanar vectors∙ 

b) 

 i) let 𝒂 = 𝑎1𝒊 + 𝑎2𝒋 + 𝑎3𝒌, 𝒃 = 𝑏1𝒊 + 𝑏2𝒋 + 𝑏3𝒌 and 𝒄 = 𝑐1𝒊 + 𝑐2𝒋 + 𝑐3𝒌 

𝒃 × 𝒄 =  
𝒊 𝒋 𝒌
𝑏1 𝑏2 𝑏3

𝑐1 𝑐2 𝑐3

 =  𝑏2𝑐3 − 𝑏3𝑐2 𝒊 +  𝑏3𝑐1 − 𝑏1𝑐3 𝒋 +  𝑏1𝑐2 − 𝑏2𝑐1 𝒌 

   

𝒂 ×  𝒃 × 𝒄 =  

𝒊 𝒋 𝒌
𝑎1 𝑎2 𝑎3

 𝑏2𝑐3 − 𝑏3𝑐2  𝑏3𝑐1 − 𝑏1𝑐3  𝑏1𝑐2 − 𝑏2𝑐1 
  

                   =  𝑎2 𝑏1𝑐2 − 𝑏2𝑐1 − 𝑎3 𝑏3𝑐1 − 𝑏1𝑐3  𝒊 

                               + 𝑎3 𝑏2𝑐3 − 𝑏3𝑐2 − 𝑎1 𝑏1𝑐2 − 𝑏2𝑐1  𝒋 

                                      + 𝑎1 𝑏3𝑐1 − 𝑏1𝑐3 − 𝑎2 𝑏2𝑐3 − 𝑏3𝑐2  𝒌 
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𝒂 ∙ 𝒄 =  𝑎1𝑐1 + 𝑎2𝑐2 + 𝑎3𝑐3  

𝒂 ∙ 𝒃 =  𝑎1𝑏1 + 𝑎2𝑏2 + 𝑎3𝑏3  

 𝒂 ∙ 𝒄 𝒃 −  𝒂 ∙ 𝒃 𝒄 =  𝑎1𝑐1 + 𝑎2𝑐2 + 𝑎3𝑐3  𝑏1𝒊 + 𝑏2𝒋 + 𝑏3𝒌  

                                                    − 𝑎1𝑏1 + 𝑎2𝑏2 + 𝑎3𝑏3  𝑐1𝒊 + 𝑐2𝒋 + 𝑐3𝒌  

 𝒂 ∙ 𝒄 𝒃 −  𝒂 ∙ 𝒃 𝒄  =  𝑎1𝑏1𝑐1 + 𝑎2𝑏1𝑐2 + 𝑎3𝑏1𝑐3−𝑎1𝑏1𝑐1 − 𝑎2𝑏2𝑐1 − 𝑎3𝑏3𝑐1 𝒊 

                             + 𝑎1𝑏2𝑐1 + 𝑎2𝑏2𝑐2 + 𝑎3𝑏2𝑐3 − 𝑎1𝑏1𝑐2 − 𝑎2𝑏2𝑐2 − 𝑎3𝑏3𝑐2 𝒋 

                             + 𝑎1𝑏3𝑐1 + 𝑎2𝑏3𝑐2 + 𝑎3𝑏3𝑐3 − 𝑎1𝑏1𝑐3
− 𝑎2𝑏2𝑐3 − 𝑎3𝑏3𝑐3 𝒌 

 𝒂 ∙ 𝒄 𝒃 −  𝒂 ∙ 𝒃 𝒄  =  𝑎2 𝑏1𝑐2 − 𝑏2𝑐1 + 𝑎3 𝑏1𝑐3 − 𝑏3𝑐1  𝒊 

                               + 𝑎3 𝑏2𝑐3−𝑏3𝑐2 + 𝑎1 𝑏2𝑐1 − 𝑏1𝑐2  𝒋 

                             + 𝑎1 𝑏3𝑐1 − 𝑏1𝑐3 + 𝑎2 𝑏3𝑐2 − 𝑏2𝑐3  𝒌 

∴    𝒂 ×  𝒃 × 𝒄 =  𝒂 ∙ 𝒄 𝒃 −  𝒂 ∙ 𝒃 𝒄   

ii)  

  𝐴  𝒊 ×  𝒂 × 𝒊 + 𝒋 ×  𝒂 × 𝒋 + 𝒌 ×  𝒂 × 𝒌  

                       Let 𝒂 = 𝑎𝑥𝒊 + 𝑎𝑦𝒋 + 𝑎𝑧𝒌 

 𝒊. 𝒊 𝒂 −  𝒊. 𝒂 𝒊 +  𝒋. 𝒋 𝒂 −  𝒋. 𝒂 𝒋 +  𝒌. 𝒌 𝒂 −  𝒌. 𝒂 𝒌 

=𝒂 −  𝒊. 𝒂 𝒊 + 𝒂 −  𝒋. 𝒂 𝒋 + 𝒂 −  𝒌. 𝒂 𝒌 

= 𝟑𝒂 −   𝒊. 𝒂 𝒊 +  𝒋. 𝒂 𝒋 +  𝒌. 𝒂 𝒌  

                        𝒊. 𝒂 = 𝑎𝑥 , 𝒋. 𝒂 = 𝑎𝑦 , 𝒌. 𝒂 = 𝑎𝑧  

= 𝟑𝒂 −  𝑎𝑥𝒊 + 𝑎𝑦𝒋 + 𝑎𝑧𝒌  

=𝟑𝒂 − 𝒂 = 2𝒂  

  𝐵    𝒂 ×  𝒃 × 𝒄 =  𝒂 ∙ 𝒄 𝒃 −  𝒂 ∙ 𝒃 𝒄   

𝒃 ×  𝒄 × 𝒂 =  𝒃 ∙ 𝒂 𝒄 −  𝒃 ∙ 𝒄 𝒂   

𝒄 ×  𝒂 × 𝒃 =  𝒄 ∙ 𝒃 𝒂 −  𝒄 ∙ 𝒂 𝒃   

𝒂 ×  𝒃 × 𝒄 + 𝒃 ×  𝒄 × 𝒂 + 𝒄 ×  𝒂 × 𝒃 = 𝟎 
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2) a) 

 

 

 

 

 

 

i) 𝑂𝐴      = 𝒂,  𝑂𝐶      = 3𝒂,  𝑂𝐵      = 𝒃 

𝑂𝑀       =
1

2
 𝑂𝐵      + 𝑂𝐶        

𝑂𝑀       =
1

2
 𝒃 + 3𝒂  

𝐶𝐵      = 𝐶𝑂      + 𝑂𝐵      = −3𝒂 + 𝒃 = 𝒃 − 3𝒂 

ii) 𝑀𝐵       =
1

2
𝐶𝐵      =

1

2
 𝐶𝑂      + 𝑂𝐵       =

1

2
 𝒃 − 3𝒂  

iii) 𝐵𝑆      = 𝑘𝐵𝐴      = 𝑘 𝒂 − 𝒃  

𝑀𝑆       = 𝑀𝐵       + 𝐵𝑆      =
1

2
 𝒃 − 3𝒂 + 𝑘 𝒂 − 𝒃  

𝑀𝑆       = 𝑀𝐵       + 𝐵𝑆      =  
1

2
− 𝑘 𝒃 +  𝑘 −

3

2
 𝒂 

iv) If 𝑀𝑆 parallel to 𝐵𝑂,   𝑀𝑆       = 𝜇𝐵𝑂      = −𝜇𝒃       𝜇 > 0 

−𝜇𝒃 =  
1

2
− 𝑘 𝒃 +  𝑘 −

3

2
 𝒂 

𝑘 −
3

2
= 0         ∴  𝑘 =

3

2
 

b)  

 

 

 

 

B 
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𝑂𝑋      =
𝒑

2
 ,    𝑂𝑌      =

𝒒

2
 

Let   𝑋𝑍: 𝑍𝑄 = 𝜆: 1   and  𝑌𝑍: 𝑍𝑃 = 𝜇: 1 

𝑂𝑍      =
𝜆𝒒 +

𝒑
2

𝜆 + 1
=

𝜇𝒑 +
𝒒
2

𝜇 + 1
 

𝑂𝑍      =
𝜆

𝜆 + 1
𝒒 +

1

2 𝜆 + 1 
𝒑 =

𝜇

𝜇 + 1
𝒑 +

1

2 𝜇 + 1 
𝒒 

∴
𝜆

𝜆 + 1
=

1

2 𝜇 + 1 
− − −  1  

and  

    
1

2 𝜆 + 1 
=

𝜇

𝜇 + 1
− − −  2  

 1 

 2 
       2𝜆 =

1

2𝜇
 

                𝜆 =
1

4𝜇
 

By  2  

1

2  
1

4𝜇 + 1 
=

𝜇

𝜇 + 1
 

2𝜇

 4𝜇 + 1 
=

𝜇

𝜇 + 1
 

4𝜇 + 1 = 2𝜇 + 2 

2𝜇 = 1 

∴ 𝜇 =
1

2
  &   𝜆 =

1

2
  

𝑂𝑍      =

1
2  

1
2   + 1

𝒒 +
1

2  
1
2  + 1 

𝒑 =
1

3
 𝒑 + 𝒒  
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3) a)  

 

 

  𝒂 × 𝒃 =  𝒂  𝒃 sin 𝜃 𝒏 

 𝒂   ,  𝒃  are modules of the vector 𝒂 and 𝒃 ,  𝜃 be the angle between  𝒂 and 𝒃. 

𝒏 is the unit vector such that if a right handed screw is rotated from 𝒂 to 𝒃 

with the axis of the screw perpendicular to the plane contains 𝒂 and 𝒃 

b) i)   𝒂 × 𝒃 =  𝒂  𝒃 sin 𝜃 

    𝒂 × 𝒃 𝟐 =  𝒂 𝟐 𝒃 𝟐 sin2 𝜃 

   𝒂. 𝒃 =  𝒂  𝒃 cos 𝜃 

 𝒂. 𝒃 2 =  𝒂 𝟐 𝒃 𝟐 cos2 𝜃 

 𝒂 × 𝒃 𝟐 +  𝒂. 𝒃 2

 𝒂 𝟐 𝒃 𝟐
=

 𝒂 𝟐 𝒃 𝟐 sin2 𝜃 + cos2 𝜃 

 𝒂 𝟐 𝒃 𝟐
= 1 

ii) 𝒂.  𝒃 ×  𝒂 − 𝒃  = 𝒂. 𝒃 × 𝒂 − 𝒂. 𝒃 × 𝒃 = 𝟎 

c)         𝒑 = 2𝒊 − 3𝒋 + 𝒌,     𝒒 = 𝒊 − 𝒋 + 2𝒌   and 𝒓 = 𝑥𝒊 + 𝑦𝒋 + 𝑧𝒌 

If 𝑃𝑄𝑅𝑆 is a parallelogram 𝑃𝑄      = 𝑆𝑅       

𝑃𝑂      + 𝑂𝑄       = 𝑆𝑂      + 𝑂𝑅       

𝑂𝑆      = 𝑂𝑃      + 𝑂𝑅      − 𝑂𝑄        

𝑂𝑆      = 𝒑 + 𝒓 − 𝒒   − − 𝑆  

Given that 𝑃𝑄      × 𝑃𝑅      = 𝑂𝑅       

𝑃𝑄      = 𝑃𝑂      + 𝑂𝑄       = − 2𝒊 − 3𝒋 + 𝒌 +  𝒊 − 𝒋 + 2𝒌 = −𝒊 + 2𝒋 + 𝒌 

𝑃𝑅      = 𝑃𝑂      + 𝑂𝑅      = − 2𝒊 − 3𝒋 + 𝒌 +  𝑥𝒊 + 𝑦𝒋 + 𝑧𝒌  

                              =  𝑥 − 2 𝒊 +  𝑦 + 3 𝒋 +  𝑧 − 1 𝒌 

𝑃𝑄      × 𝑃𝑅      =  
𝒊 𝒋 𝒌

−1 2 1
 𝑥 − 2  𝑦 + 3  𝑧 − 1 

  

𝑃𝑄      × 𝑃𝑅      =  2 𝑧 − 1 −  𝑦 + 3  𝒊 +   𝑥 − 2 +  𝑧 − 1  𝒋 

                                                                                            + − 𝑦 + 3 − 2 𝑥 − 2  𝒌  

𝒏 
𝒃 

𝒂 
𝜽 
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𝑃𝑄      × 𝑃𝑅      = 𝑂𝑅      = 𝑥𝒊 + 𝑦𝒋 + 𝑧𝒌 

2𝑧 − 𝑦 − 5 = 𝑥                    𝑥 + 𝑧 − 3 = 𝑦                    − 2𝑥 − 𝑦 + 1 = 𝑧 

𝑥 + 𝑦 − 2𝑧 = −5   − − 1          

𝑥 − 𝑦 + 𝑧  = 3    − − 2         

2𝑥 + 𝑦 + 𝑧 = 1    − − 3  

  1 +  2             2𝑥 − 𝑧  = −2    − − 4     

  2 +  3             3𝑥 + 2𝑧 = 4      − − 5       

 4 × 2 +  5             7𝑥 = 0 

                                        𝑥 = 0 

                                         𝑧 = 2 

                                         𝑦 = −1 

𝑂𝑅      = −𝒋 − 2𝒌                             𝒓 =  5 

From equation  𝑆  

𝑂𝑆      = 𝒑 + 𝒓 − 𝒒 

       =  2𝒊 − 3𝒋 + 𝒌 +  −𝒋 − 2𝒌 −  𝒊 − 𝒋 + 2𝒌  

        = 𝒊 − 3𝒋 + 𝒌 

 Area of the parallelogram 𝑃𝑄      × 𝑃𝑅       

𝑃𝑅      = 𝑃𝑂      + 𝑂𝑅      =  𝑥 − 2 𝒊 +  𝑦 + 3 𝒋 +  𝑧 − 1 𝒌 = −2𝒊 ± 3𝒋 + 𝒌 

𝑃𝑄      × 𝑃𝑅      =  
𝒊 𝒋 𝒌

−1 2 1
−2 2 1

   

 

𝑃𝑄      × 𝑃𝑅      = 0𝒊 −  −1 + 2 𝒋 +  −2 + 4 𝒌 = −𝒋 + 2𝒌 

𝑃𝑄      × 𝑃𝑅      = −𝒋 + 2𝒌 

 𝑃𝑄      × 𝑃𝑅       =    5 
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4) a) If   𝐴 =  
1 − 𝜆 1 −1

2 1 − 𝜆 2
2 −1 4 − 𝜆

 = 0     for some values for 𝜆 

Then the matrix 𝐴 invertible for those values of 𝜆 

  1 − 𝜆   1 − 𝜆  4 − 𝜆 + 2 − 1 2 4 − 𝜆 − 4 − 1 −2 − 2 1 − 𝜆  = 0 

 

  1 − 𝜆  𝜆2 − 5𝜆 + 6 −  4 − 2𝜆 +  4 − 2𝜆 = 0 

𝜆3 − 6𝜆2 + 11𝜆 + 6 = 0 

 𝜆 + 1  𝜆2 − 5𝜆 − 6 = 0 

 𝜆 + 1  𝜆 − 2  𝜆 − 3 = 0 

𝜆 = −1, 𝜆 = 2  and  𝜆 = 3 

∴ Matrix 𝐴 invertible for 𝜆 = −1, 𝜆 = 2  and  𝜆 = 3 

 

b) 𝑥 + 2𝑦 + 3𝑧 = 𝑘𝑥 

3𝑥 + 𝑦 + 2𝑧 = 𝑘𝑦 

2𝑥 + 3𝑦 + 𝑧 = 𝑘𝑧 

 

 1 − 𝑘 𝑥 + 2𝑦 + 3𝑧 = 0 

3𝑥 +  1 − 𝑘 𝑦 + 2𝑧 = 0 

2𝑥 + 3𝑦 +  1 − 𝑘 𝑧 = 0 

 
1 − 𝑘 2 3

3 1 − 𝑘 2
2 3 1 − 𝑘

  
𝑥
𝑦
𝑧
 =  

0
0
0
  

𝐴 =  
1 − 𝑘 2 3

3 1 − 𝑘 2
2 3 1 − 𝑘

  

 𝐴 =  1 − 𝑘   1 − 𝑘  1 − 𝑘 − 6 − 2 3 1 − 𝑘 − 4 + 3 9 − 2 1 − 𝑘   

 𝐴 =  1 − 𝑘 3 − 18 1 − 𝑘 + 35 

       = 𝑦3 − 18𝑦 + 36       where       𝑦 = 1 − 𝑘 

       = 𝑦3 − 18𝑦 + 36        

       =  𝑦 + 5  𝑦2 − 5𝑦 + 7  

 𝐴 = 0  When  𝑦 = −5 

∴ 1 − 𝑘 + 5 = 0 

   𝑘 = 6 

The above systems of equation have non zero solutions when 𝑘 = 6 

 

 

c) 𝑥 + 𝑦 = 2 

𝑥 +  2 − 𝜆 𝑦 + 𝑧 = 2 

2𝜆𝑦 + cos 𝜆 𝑧 = 3 

 
1 1 0
1 2 − 𝜆 1
0 2𝜆 cos 𝜆

  
𝑥
𝑦
𝑧
 =  

2
2
3
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𝐴 =  
1 1 0
1 2 − 𝜆 1
0 2𝜆 cos 𝜆

          𝑥 =  
𝑥
𝑦
𝑧
                     𝐵 =  

2
2
3
  

𝐴𝑥 = 𝐵 

Augmented Matrix  𝐴, 𝐵 =  
1 1 0
1 2 − 𝜆 1
0 2𝜆 cos 𝜆

       
:   2
∶   2
:   3

   

               𝐶1 → 𝐶1−𝐶2  
0 1 0

𝜆 − 1 2 − 𝜆 1
−2𝜆 2𝜆 cos 𝜆

       
:   2
∶   2
:   3

  

              𝐶2 →
𝐶4

2
−𝐶2  

0 0 0
𝜆 − 1 𝜆 − 1 1

−2𝜆 3
2 − 2𝜆 cos 𝜆

       
:   2
∶   2
:   3

  

 ∴  Rank of   𝐴, 𝐵 = 3 

 

 𝐴 =   2 − 𝜆 cos 𝜆 − 2 𝜆 − cos 𝜆 

       = cos 𝜆  1 − 𝜆 − 2𝜆 

       = −𝜆 2 + cos 𝜆 + cos 𝜆 

 If  −𝜆 2 + cos 𝜆 + cos 𝜆 = 0 

∴  𝐴 = 2 

 ∴ Rank of 𝐴 = 2         where  𝜆 2 + cos 𝜆 + cos 𝜆 = 0 

Rank of 𝐴 ≠ Rank of   𝐴, 𝐵  

∴ Then the system has no solutions, so, that is the system is inconsistent. 

 

When 𝜆 = 0 rank of  𝐴, 𝐵 = 3 

  𝐴 = cos 0 = 1     ∴  𝐴 ≠ 0 

 ∴ Rank of 𝐴 == 3         

Rank of 𝐴 = Rank of   𝐴, 𝐵  

∴The system has a unique solution. 

If 𝜆 = 0 

𝐴𝑥 = 𝐵 

The augmented matrix 𝐴, 𝐵 =  
1 1 0
1 2 1
0 0 1

   2
   2
   3

  

𝑅2 → 𝑅2−𝑅1  
1 1 0
0 1 1
0 0 1

   2
   0
   3

 𝑅2 → 𝑅2−𝑅3  
1 1 0
0 1 0
0 0 1

   2
  −3
   3

  

 

𝑅1 → 𝑅1−𝑅2  
1 0 0
0 1 0
0 0 1

   5
  −3
   3

  

 

∴  
1 1 0
1 1 1
0 0 1

  
𝑥
𝑦
𝑧
 =  

5
−3
3

  

∴ 𝑧 = 3, 𝑦 = −3, 𝑥 = 5 
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5. a) 𝐴 =  
1 −1 1

−1 0 0
2 0 −1

  

𝐴2 =  
1 −1 1

−1 0 0
2 0 −1

  
1 −1 1

−1 0 0
2 0 −1

 =  
4 −1 0

−1 1 −1
0 −2 3

  

𝐴3 = 𝐴2𝐴 =  
4 −1 0

−1 1 −1
0 −2 3

  
1 −1 1

−1 0 0
2 0 −1

 =  
5 −4 4

−4 1 0
8 0 −3

  

𝐴3 − 𝐴 − 𝐼 =  
5 −4 4

−4 1 0
8 0 −3

 − 4  
1 −1 1

−1 0 0
2 0 −1

 −  
1 0 0
0 1 0
0 0 1

  

                      =  
0 0 0
0 0 0
0 0 0

 = 0 

 

b) 𝐴 − 𝜆𝐼 =  
1 − 𝜆 2 −3

0 3 − 𝜆 2
0 0 − 2 + 𝜆 

  

              =  1 − 𝜆  − 3 − 𝜆  2 + 𝜆   

              =  𝜆 − 1  3 − 𝜆  2 + 𝜆  

 

 Since  𝐴 − 𝜆𝐼 = 0    

 

∴  𝜆 − 1  3 − 𝜆  2 + 𝜆  

 ∴   𝜆 = 1, 𝜆 = 3  and  𝜆 = −2 

 

c)   𝑥 − 2𝑦 + 3𝑧 = 4 

2𝑥 − 3𝑦 + 𝑎𝑧 = 5 

3𝑥 − 4𝑦 + 5𝑧 = 𝑏 

 

 
1 −2 3
2 −3 𝑎
3 −4 5

  
𝑥
𝑦
𝑧
 =  

4
5
𝑏
  

 

𝐴𝑋 = 𝐵 

𝐴 =  
1 −2 3
2 −3 𝑎
3 −4 5

          𝑋 =  
𝑥
𝑦
𝑧
                     𝐵 =  

4
5
𝑏
  

 

Det 𝐴 = 1 −15 + 4𝑎 − 2 3𝑎 − 10 + 3 −8 + 9   

            = 8 − 2𝑎 

i) When 𝑎 = 4    then    Det 𝐴 = 0 

When 𝑎 = 4    then    Rank 𝐴 =  3 − 1 = 2 
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                          𝐴: 𝐵 =  
1 −2 3
2 −3 4
3 −4 5

       
:   4
∶   5
:   𝑏

  

𝑅3 → 𝑅2 × 2−𝑅1 − 𝑅3  
1 −2 3
2 −3 4
0 0 0

       
:   4
∶   5

:   6 − 𝑏
  

 

 ∴  If  𝑏 = 6,  Det  𝐴: 𝐵 = 0  

Rank  𝐴: 𝐵 = 2 

When 𝑎 = 4 and 𝑏 ≠ 6 then Det  𝐴: 𝐵 ≠ 0 

 Rank  𝐴: 𝐵 = 3, Rank 𝐴 = 2 

∴ The system is inconsistent. 

∴ That is the system has no solution 

 

ii. When 𝑎 ≠ 4 , then Det 𝐴 ≠ 0 

 Rank 𝐴 = 3 = Rank  𝐴: 𝐵  

∴ The system has unique solution 

 

ii. When 𝑏 = 6 and 𝑎 = 4 ,  

Rank  𝐴: 𝐵 = Rank 𝐴 ≮ number of unknowns 

∴ The system has infinite number of solution 

 

 

6. a) ∆=  
1 𝑏𝑐 𝑏𝑐 𝑏 + 𝑐 

1 𝑐𝑎 𝑐𝑎 𝑐 + 𝑎 

1 𝑎𝑏 𝑎𝑏 𝑎 + 𝑏 
  

                             ↓ 𝑅1 × 𝑎, 𝑅2 × 𝑏, 𝑅3 × 𝑐 

∆=
1

𝑎𝑏𝑐
 
𝑎 𝑎𝑏𝑐 𝑎𝑏𝑐 𝑏 + 𝑐 

𝑏 𝑎𝑏𝑐 𝑎𝑏𝑐 𝑐 + 𝑎 

𝑐 𝑎𝑏𝑐 𝑎𝑏𝑐 𝑎 + 𝑏 
  

∆=
 𝑎𝑏𝑐 2

𝑎𝑏𝑐
 
𝑎 1  𝑏 + 𝑐 

𝑏 1  𝑐 + 𝑎 

𝑐 1  𝑎 + 𝑏 
 = 𝑎𝑏𝑐  

𝑎 1  𝑏 + 𝑐 

𝑏 1  𝑐 + 𝑎 

𝑐 1  𝑎 + 𝑏 
  

 b) 3𝑥 + 𝑦 + 𝑧 = 𝑝𝑥 

𝑥 + 3𝑦 + 𝑧 = 𝑝𝑦 

𝑥 + 𝑦 + 3𝑧 = 𝑝𝑧 

 

3 − 𝑝 1 1
1 3 − 𝑝 1
1 1 3 − 𝑝

  
𝑥
𝑦
𝑧
 =  

0
0
0
  

𝐴𝑥 = 0 

Where 𝐴 =  
3 − 𝑏 1 1

1 3 − 𝑏 1
1 1 3 − 𝑏
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The homogeneous liner equation system 𝐴𝑥 = 0 has non trivial solution if and 

only if Det 𝐴 = 0 

∴  3 − 𝑝   3 − 𝑝 2 − 1 − 1  3 − 𝑝 − 1 + 1 1 −  3 − 𝑝  = 0 

 3 − 𝑝 3 − 3 3 − 𝑝 + 2 = 0 

 

Let 3 − 𝑝 = 𝑡 

𝑡3 − 3𝑡 + 2 = 0 

 𝑡 − 1  𝑡2 − 𝑡 − 2 = 0 

 𝑡 − 1  𝑡 − 2  𝑡 + 1 = 0 

𝑡 = 1, 𝑡 = 2  or 𝑡 = −1 

3 − 𝑝 = 1, 3 − 𝑝 = 2  or 3 − 𝑝 = −1 

𝑝 = 2, 𝑝 = 1  or 3 − 𝑝 = 1 when 𝑝 = 1, 2 or 4  the system of equation has 

non trivial solution 

c) 2𝑥 + 𝑦 = 0 

 𝑘 − 2 𝑥 + 𝑘𝑦 − 2𝑧 = 0 

6𝑥 + 3𝑦 +  𝑘 − 1 𝑧 = 0 

 
2 1 −1

𝑘 − 2 𝑘 −2
6 3 𝑘 − 1

  
𝑥
𝑦
𝑧
 =  

0
0
0
  

𝐴𝑥 = 0 

Where 𝐴 =  
2 1 −1

𝑘 − 2 𝑘 −2
6 3 𝑘 − 1

  

 

∴ Det 𝐴 = 2 𝑘 𝑘 − 1 + 6 − 1  𝑘 − 2  𝑘 − 1 + 12 − 1 3 𝑘 − 2 − 6𝑘  

= 2 𝑘2 − 𝑘 + 6 −  𝑘2 − 3𝑘 + 14 −  −6 − 3𝑘  

= 𝑘2 + 4𝑘 + 4 

=  𝑘 + 2 2 

When 𝑘 = −2,  Det 𝐴 = 0 

∴ There is only one value for 𝑘   𝑘 = 2  which the given system of equation 

has non trivial solution 


